We show that it is possible to improve the efficiency of a classical Otto-cycle heat engine by adding a high-Q microwave cavity and a laser system that can extract coherent laser energy from thermally excited ''exhaust'' atoms. This improvement does not violate the second law of thermodynamics, i.e., we show that a combined high-Q microwave cavity and a laser system does not improve the efficiency of a classical Carnotcycle heat engine.
I. INTRODUCTION
The laws of thermodynamics were formulated before the advent of quantum mechanics. In recent years, several studies have been made to examine the viability of these laws within the framework of quantum thermodynamics ͓1,2͔. These studies are particularly interesting from the point of view that quantum mechanics, which initially was stimulated by thermodynamics, now provides interesting feedback to thermodynamics ͓3͔.
Previous studies in the context of quantum thermodynamics have already shown how to extract work from a single thermal reservoir via quantum negentropy ͓4͔. Stimulated by the preceding discussion, we have recently reconsidered various aspects of the second law in light of recent developments in quantum optics such as cavity QED ͓5͔ and lasing without inversion ͑LWI͒ ͓6͔. The possibility of obtaining LWI for a system in thermodynamic equilibrium, e.g., in a thermal Boltzmann distribution of atomic populations, has been shown ͓7͔. We here extend the ideas of Ref. ͓8͔ to show that it is indeed possible to improve the efficiency of certain classical heat engines. In particular, we show that the efficiency of an Otto-cycle heat engine can be improved beyond the classical limit by adding a high-Q microwave cavity and a laser system that is able to extract coherent laser energy from thermally excited atoms. However, this does not violate the second law of thermodynamics because the system entropy is constantly increasing. We also derive a quantum extension of the Carnot-cycle engine, along these lines, and show that such an extension cannot improve the efficiency beyond the classical Carnot limit. Thus, the validity of the second law remains intact.
II. THE QUANTUM AFTERBURNER CONCEPT
In this section, we consider a closed-cycle quantum heat engine and show that its performance can be improved by extracting energy via a high-Q microwave cavity and a laser system. In particular, we show that a simple Otto-cycle engine, which approximates the operation of the internal combustion gasoline engine and other similar devices, can be improved if a simple laser scheme enabling lasing from the hot exhaust gas atoms is included. The emitted laser radiation partially replaces the usual coolant.
Let us first briefly recall how the classical internal combustion ͑i.e., the Otto-cycle͒ engine works ͓9͔. Figure 1 depicts a classical Otto-cycle engine in which a working gas passes through the cycle 1-2-3-4. In order to prepare for the next step, where we are going to take advantage of the internal degree of freedom of the engine fluid, i.e., a gas consisting of multilevel atoms or molecules, we consider the setup of an Otto-cycle engine consisting of two cylinders. This will allow us to introduce the high-Q microwave cavity and laser systems in the setup in a natural way. This two-cylinder setup follows the classical stages of the Otto cycle. In the first stage 1-2 ͓Fig. 1͑a͔͒, the gas expands isotropically ͑i.e., no heat in or out͒ from volume V 1 to volume V 2 ͑here and below, T, V, P, and S stand for temperature, volume, pressure, and entropy, respectively͒, doing useful ͑good͒ work given by W g ϭC v (T 1 ϪT 2 ), where T 2 ϭT 1 /R, C v is the heat capacity, Rϭ(V 2 /V 1 ) ␥Ϫ1 , and ␥ is the ratio of heat capacities at constant pressure to constant volume. Then, in the next stage 2-3 ͓Fig. 1͑b͔͒, we consider gas transfer from one cylinder to another and an isochoric cooling process ͑i.e., at constant volume͒. Let us underline that transferring gas from one cylinder to another plays no role in the classical Otto cycle, but we include these two cylinders here because it allows us to cool the internal degrees of freedom of the gas by using a high-Q microwave cavity and a laser system, thus producing additional useful work. Heat q out is extracted isochorically by a heat exchanger ͑cooler͒. This happens at constant volume (V 2 ϭV 3 ), bringing the temperature down from T 2 to T 3 . The pressure drops from P 2 ϭ(R/V 3 )T 2 to P 3 ϭ(R/V 3 )(T 2 Ϫq out /C v ), where RϭNk, where N is the number of atoms and k is Boltzmann's constant. At stage 3-4 ͓Fig. 1͑c͔͒, the gas is compressed isotropically from volume V 3 to volume V 4 requiring ''waste'' work, and the pressure becomes P 4 ϭ P 1 R ␥/(␥Ϫ1) . At stage 4-1 ͓Fig. 1͑d͔͒, heat q in is added isochorically when the piston is at the top dead center and brings the gas from state (T 4 , V 4 , P 4 , and S 4 ) to state (T 1 ,V 1 ϭV 4 , P 1 , and S 1 ). Note that this isochoric process brings the gas back to the starting state ( P 1 ,V 1 ,T 1 ), and ready to start a new cycle. Now comes the key step. What if we replace the cooler with a high-Q microwave cavity and a laser system that could extract thermal energy stored in the internal degrees of freedom when taking us from thermodynamic states 2 to 3? Such an engine can properly be called a quantum engine and could, in principle, operate beyond the classical limit. Indeed it does, since q out is now partially converted into the emitted laser energy W l that can do useful work ͑see Fig. 2͒ . In the following, we discuss a possible scheme for such a quantum Otto engine. We consider the operating gas to consist of three-level atoms as shown in Fig. 3 . The internal atomic states are chosen to be very long lived when the atoms are in free space. However, the atoms are strongly coupled to the radiation field due to the increased density of states of the radiation field inside the high-Q microwave and laser cavities. The high-Q microwave cavity is resonant with the ͉b͘↔͉c͘ transition and the laser cavity is resonant with the ͉a͘↔͉b͘ transition.
The role of the microwave cavity at temperature T 3 is to cool the internal state ͉b͘ such that the population from level ͉b͘ is depleted to level ͉c͘. The cavity is tuned at the resonant frequency corresponding to the atomic transition between levels ͉b͘ and ͉c͘ ͑see Fig. 4͒ . This resonant coupling between atoms and a thermal reservoir at temperature T 3 is much stronger than the off-resonant coupling at the ͉a͘↔͉b͘ transition. Thus, the population relaxation rate for levels ͉b͘ and ͉c͘ is much faster than for levels ͉a͘ and ͉b͘ ͑but eventually all populations at all levels should be at thermal equilibrium at temperature T 3 ). Adjusting a proper interaction time inside the cavity, we can obtain that the populations in levels ͉b͘ and ͉c͘ are in thermal equilibrium at temperature T 3 , but the population in level ͉a͘ remains untouched ͑its change is negligible͒. The heat extracted in this process is q m .
The atoms then enter a laser cavity and are coherently driven from excited state ͉a͘ to ground state ͉b͘ by stimulated emission. This results in the coherent buildup of the laser field in the cavity and the emission of energy W l , as indicated in Figs mass motion. Thus the ''quantum heat exchanger'' allows one to practically convert the heat out of the system, q out , by heat out of a high-Q microwave cavity, q m , combined with useful work by the laser W l . The specific entropy difference of the internal states between points 2 and 3 of Figs. 3 and 5 is easily calculated, as discussed below. The laser energy is coherent useful work, whereas the high-Q microwave cavity allows one to dump incoherent heat energy. This distinction is easily understood if we simply recall the thermal photon distribution functions inside the high-Q microwave and laser cavities. The field density matrix inside the high-Q microwave cavity is given by
where n m ϭ1/͓exp(ប m /kT 3 )Ϫ1͔, ប m is the energy per quantum of the microwave field. The density matrix describing the laser field proceeds from an initial thermal state, which is largest for small n l , to the sharply peaked coherent distribution. For atoms passing through the cavity at a rate r a , the photon statistics of the cavity radiation field r n,n is governed by the equation
ϪC͓n th ͑ 2nϩ1 ͒ϩn͔r n,n ϩCn th nr nϪ1,nϪ1 ϩC͑n th ϩ1 ͒͑ nϩ1 ͒r nϩ1,nϩ1 , ͑2͒
The quantum Otto engine that incorporates the high-Q microwave cavity and the laser system follows the cycle comprising the following steps: ͑a͒ (1→2) The gas expands isotropically ͑i.e., no heat in or out͒, yielding W g ϭC v (T 1 ϪT 2 ), where T 2 ϭT 1 /R as before. ͑b͒ (2→2Ј) High-Q microwave cavity and laser action. The high-Q microwave cavity coupled to the transition ͉b͘Ϫ͉c͘ depletes the ͉b͘ states, amounting to extraction of heat q m . The laser action involves stimulated emission of energy W l . Both high-Q cavity and laser are at temperature T 3 ; ͑c͒ (2Ј→3Ј) Thermalization of the gas to temperature T 3 ЈϾT 3 . ͑d͒ (3Ј→3) Isochoric cooling of external degrees of freedom of gas to temperature T 3 . ͑e͒ (3→4) The gas is then compressed isotropically to volume V 4 ϭV 1 , requiring waste work W w ϭC v (T 4 ϪT 3 ), where T 4 ϭT 3 R. ͑f͒ (4→1) The gas is put in contact with a heat exchanger to bring the gas to the starting state ( P 1 ,V 1 ,T 1 ). During the heating, the external degrees of freedom absorb heat q in ϭC v (T 1 ϪT 4 ), and internal degrees absorb q in ϭq m ϩW l . In the passage 2→2Ј, laser radiation is extracted from the thermal distribution by depleting the lower ͉b͘ state populations, much as in lasing without inversion ͑LWI͒.
FIG. 4. Redistribution of the atomic populations in levels ͉b͘
and ͉c͘ after passing through a high-Q microwave cavity. The cavity at temperature T 3 is tuned at the resonant frequency corresponding to the atomic transition between levels ͉b͘ and ͉c͘. This resonant coupling between atoms and a thermal reservoir at temperature T 3 is much stronger than the off-resonant coupling at the ͉a͘↔͉b͘ transition. Thus, the atom having distribution of population corresponding to temperature T 1 before entering the cavity has the populations in levels ͉b͘ and ͉c͘ to be in a thermal equilibrium at temperature T 3 after the high-Q microwave cavity, and the population in level ͉a͘ remains unchanged.
where g is the atom-field coupling constant, is the interaction time of the atom with the cavity field, C is the cavity loss parameter, and n th is the average number of thermal photons in the cavity at temperature T 3 with no atoms present. The interaction time is not fixed and depends on the velocity v of atoms via ϭL/v, where L is the length of the cavity. We assume that the interaction time is much shorter than all decay rates in the system to justify the absence of absorption terms in Eq. ͑2͒. The velocity is given by a Maxwell-Boltzmann distribution and therefore we need to average Eq. ͑2͒ over the velocity distribution. For interaction times that are short compared to the Rabi frequency, i.e., ngӶ1, we can expand the sine functions in Eq. ͑2͒ and retain only the linear and the saturation terms. Thus, for the laser, Eq. ͑2͒ results in
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, ͑3͒
where 
This distribution function for photons is peaked at (A ϪC)/B.
Having set the stage, we now sketch the thermostatistical analysis and calculate W l and q m microscopically. A complete rigorous calculation requires a quantum theory of the laser-type analysis. However, it is sufficient for the present purposes to apply microscopic energy balance conditions to obtain expressions for the important quantities.
We assume that atoms bounce many times back and forth through the microwave and laser cavities while the gas is moving adiabatically from right to left. Inside the high-Q microwave cavity, the distribution of populations in levels ͉b͘ and ͉c͘ is established in accordance with temperature T 3 ; then, the population inversion between levels ͉a͘ and ͉b͘ can occur if temperature T 3 is low enough, and this leads to lasing that eliminates population difference between levels ͉a͘ and ͉b͘. After many bounces, the atoms settle down into the mixed steady state with equal populations in levels ͉a͘ and ͉b͘, i.e.,
where ⌳ ␣ ϭ͉␣͗͘␣͉, ␣ϭa, b, and c. However, it is necessary to mention here that at temperature T 3 ͑because of atomic interaction with the thermal field of the high-Q microwave cavity͒, p ␣ 3 is the probability of the atom being in level ␣, and p ␣ 3 is not a thermalized state, and, therefore, does not obey the Boltzmann distribution.
Next, we find an expression for population p b 3 . As we noted above, levels ͉b͘ and ͉c͘ are in thermal equilibrium at temperature T 3 after passage through the microwave cavity. Thus, it follows from Eq. ͑5͒ that However, it is instructive to consider another derivation based on evolution to the steady state via atomic motion through the high-Q microwave cavity and a laser system. The condition for the steady state is that after mϪ1ӷ1 interactions with the laser system and high-Q microwave cavity, the initial and final states of the atom do not change for any subsequent cycle. Likewise, W l is obtained by noting that the number of atoms going from a to b with the coherent emission of laser radiation is N(p a 1 Ϫp b 3 ). Energy ⑀ ac Ϫ⑀ bc is given up by each atom, and the total coherent energy ͑i.e., useful work͒ given to the laser field is
We may calculate the temperature following the laser cooler T 3 Ј by noting that, for an ideal gas, any change in internal energy is strictly accounted for by temperature alone. Energy balance yields the following equation:
͑14͒
which leads to a transcendental equation given by
It is possible to show that inequality T 3 Ј уT 3 is always valid. 
is the modification when the cooler is replaced by a high-Q cavity and a laser system. The quantum efficiency of the Otto engine is improved for ␦Ͼ0. This can happen for a wide variety of parameters. For example, we can rewrite Eq. ͑17͒ in the form
It follows from Eqs. ͑12͒ and ͑13͒ that
We look for the condition when
We suppose that
Using Eq. ͑7͒, we finally get
. ͑25͒   FIG. 6 . Transformation of the atomic populations after passage through laser and high-Q microwave cavity cooling system mth time.
Thus, if we have a significantly low temperature T 3 , we can improve the efficiency of the Otto engine. In order to show that it is possible to improve on the Otto cycle, we have performed numerical estimation. Using CO 2 molecular gas under the conditions T 1 ϭ1200 K, T 2 ϭ900 K and using liquid nitrogen as a coolant T 3 ϭ77 K, T 4 ϭ200 K, V 2 /V 1 ϭ1.3, the improvement in efficiency of the quantum Otto cycle over the classical Otto cycle is almost 25%. Let us note that using a coolant at room temperature, T 3 ϭ300 K, decreases the efficiency improvement to 18%, but it is still quite substantial.
III. QUANTUM CARNOT ENGINE
We have found that the efficiency of the quantum Otto engine is greater than that of the classical Otto engine. But what, if anything, can we learn from this, as concerns the second law? Is the efficiency of a Carnot-cycle engine improved by the same process of laser emission via hot exhaust atoms? This raises the interesting question of how the present work interfaces with the second law of thermodynamics; since it is well known that the engine efficiency exceeding that of the ideal Carnot cycle is tantamount to a violation of both the Clausius and Kelvin-Planck statements of the second law ͓1,9͔. We, now consider a model for such a quantum Carnot engine ͑QCE͒.
In order to present the physics behind the envisioned QCE, consider Figs. 7 and 8 in which the working fluid passes through the cycle 1233Ј41Ј1. In particular, we extend the classical Carnot engine to include a laser arrangement that can extract coherent laser energy from the internal degrees of freedom of the atoms at temperature T 1 .
Note that, in Fig. 7͑c͒ , the energy dumped by the high-Q microwave cavity is denoted by q m . This emphasizes that it is incoherent heat energy that is being generated, because the thermal microwave radiation that brings the atom into a thermal distribution of populations between the ͉b͘ and ͉c͘ states contributes an irreversible evolution of the atom into its new configuration. This is in contrast to the buildup of the coherent laser field which is useful work. This is summarized in Fig. 8 where the usual T-S diagram is extended to include the emission of laser energy W l and the high-Q microwave cavity heat energy q m in the passage from 3 to 3Ј.
We turn now to the calculation of the efficiency of the QCE. As is shown in the following, we find
where c ϭ1ϪT 3 /T 1 is the Carnot efficiency. We shall see FIG. 7 . The QCE operates as follows: ͑a͒ (1→2) A hot gas at temperature T 1 expands isothermally absorbing heat q in and doing good work W g Ј raising a weight as indicated. ͑b͒ (2→3Ј) The heat bath is removed and isotropically produces work W g Љ . ͑c͒ (3Ј→3) Pistons move in conjunction so as to slowly move the gas of three-level atoms through the high-Q microwave and laser cavities. Even though the atomic motion at point 3 is characterized by temperature T 3 , we may arrange that the internal atomic degrees of freedom are effectively decoupled from the external center of mass motion. Thus the atom's internal population is still governed by temperature T 1 , and upon passing through the cold laser ͑microwave͒ cavity, coherent ͑incoherent͒ radiation is emitted. ͑d͒ (3→4) The system is placed in a thermal heat bath, at T 3 , and compressed to 4; this requires ͑waste͒ work W w Ј . Heat energy q out is removed in order to maintain temperature T 3 . ͑e͒ (4→1Ј) Gas is compressed isotropically with waste work W w Љ . ͑f͒ (1Ј→1) Internal states are heated by hot cavities at temperature T 1 completing the cycle.
that qc Ͻ c , in agreement with the Carnot theorem that says that c is the best we can hope for.
It is interesting to see how the second law is enforced here. To that end, we proceed with the analysis of the QCE. We seek the engine efficiency, defined as
and/or
where W g Ј and W w Ј are given by NkT 1 ln(V 2 /V 1 ) and
NkT 3 ln(V 2 /V 1 ) respectively, and N is the total number of the gas atoms in the engine. We will derive Eq. ͑26͒ by two different methods; the first is a physical thermodynamic approach, and the second a mathematical thermostatistical analysis. The physical route to Eq. ͑26͒ through Eq. ͑27͒ is simple. The only unknown in Eq. ͑27͒ is q in and the only change from the classical Carnot engine is the extra internal energy q in added in the 1Ј→1 leg of the cycle. Work W w Љ is totally compensated by W g Љ . Thus the energy out, W g Ј , W l , and q m , must come from q in ϩq in in order to close the cycle, that is q in ϩq in ϭW g ЈϩW l ϩq m , and inserting this into Eq. ͑27͒ yields Eq. ͑26͒.
The simple physical picture has appeal, but leaves unanswered many questions. For example, will the scheme really work? Atoms will bounce back and forth through the cavities many times. What does this do to lasing and relaxation due to the high-Q microwave cavity? What are the actual expressions for W l and q m and what are the time scales involved? Where is the entropy going? Furthermore, it is interesting to see how the different pieces of a more complete mathematical analysis fit together to allow us to derive Eq. ͑26͒ from Eq. ͑28͒.
A careful analysis indicates that the calculation of q m and W l is carried out on the same lines as in the preceding section for quantum Otto engine and the resulting expressions are given by Eqs. ͑12͒ and ͑13͒, respectively.
The calculation of q out is simplified by our choice of long-lived atoms in which the internal and external degrees of freedom are decoupled. Thus, the internal states are just spectator states during the 3→4 ͑and 4→1Ј) compressions, so
just as in the usual Carnot engine.
To calculate q in ϩq in , we note that it contains the energy W g Ј needed to keep the gas at temperature T 1 during the 1 →2 expansion process as well as energy needed to bring the internal states to T 1 as in Fig. 7 . The heat q in required to take the atoms from (1) where p c 3 ϭ1Ϫ2 p a 3 . The entropy S(1Ј→1) is equal and opposite to that removed in the 3Ј→3 high-Q cavity and a laser energy-entropy extraction process. This is, of course, the analog of the Carnot statement that q in /T 1 ϭq out /T 3 for the external degrees of freedom.
From Eqs. ͑12͒ and ͑13͒ we have ideal, gases often ignoring internal degrees of freedom. This yields certain limits on the efficiency of heat engines involving such ideal gases. However, real gases also have internal quantum structure, which, once properly taken into account, can allow one to improve some aspects of heat engine operation. In the present paper it is suggested that additional useful work could be extracted in the form of coherent laser radiation.
In particular, we have shown that the classical Otto heat engine can be improved by an idealized quantum high-Q microwave cavity and a laser system enabling us to extract useful work from the internal degrees of freedom of a working three-level gas. We have shown that a classical Carnot heat engine cannot be improved in this way. The present analysis focuses on a simple model of engine behavior. Future work will be directed toward more practical systems and laboratory demonstrations.
